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The domination, total domination and independent domination umbers are determined for 
the graph whose vertices are the squares of the n x n chessboard, with vertices adjacent if they 
lie on the same diagonal. 
1. Introduction 
The theory of domination in graphs has been the subject of over one hundred 
papers in recent years [6]. One of the motivations for this development, besides 
the obvious applications of dominating sets, was Berge's original treatment of the 
subject (see [1]) and, in particular, the problem of determining the minimum 
number of queens required to dominate the entire n x n chessboard. This 
problem, also mentioned by de Jaenisch [4], remains unsolved. The present 
authors and S.T. Hedetniemi have considered related problems, in which the 
queens are restricted to the main diagonal or to a single column [2, 3]. 
In the present work, we calculate three domination parameters for the 
'bishops' graph D, whose vertices are the squares of the n x n chessboard and 
two vertices are adjacent if their squares lie on a common diagonal. The problems 
are also posed in [5]. 
A dominating set (total dominating set) of a graph G = (V, E) is a subset X of V 
such that each vertex of V - X (of V) is adjacent to at least one vertex of X. 
An independent dominating set is a vertex subset which is both independent 
and dominating. 
If bishops are placed on the set Y of squares of a total dominating (independent 
dominating) set of D,,, then all the remaining squares will be covered by at least 
one bishop and each (no) bishop will be covered by another bishop. 
The domination umber y(G), the independent domination umber i(G) and 
the total domination umber t(G) are respectively the smallest cardinality of a 
dominating set, an independent dominating set and a total dominating set of G. 
Minimum (independent) dominating and total dominating sets for D 8 are 
depicted in Figs. 1 and 2. 
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Fig. 1. A minimum (independent) dominating set for Ds. 
Fig. 2. A minimum total dominating set for Ds. 
2. Calculation of i(D,,) and y(D,,) 
Theorem 1. For any n, i(Dn) = Y(Dn) = n. 
Proof. The set of squares of a nearest column to the centre is an independent 
dominating set and we have 
y(D,,) <~ i(D,,) <~ n. 
It remains to show that )'(Dn) I> n. Let X be the set of squares corresponding to
a dominating set of Dn. Label the diagonals which run in the North-West to 
South-East direction 1 , . . . ,  2n -  1 as shown in Fig. 3. Suppose that the odd 
(even) labels correspond to the white (black) diagonals and let w(b)  be the label 
of a white (black) diagonal closest o the main diagonal abelled n, which has no 
bishop. (It is easy to show Ixl ~> n if all of the labelled white or (black) diagonals 
contain bishops and that neither w nor b equals n.) The subgraphs of D,, induced 
by the black and white squares are disjoint. Hence the black and white bishop 
configurations in X may be reflected about the diagonal labelled n independently, 
without losing the dominating property. We may therefore assume, without losing 
generality, that {w, b} _~ {1 , . . . ,  n - 1). 
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Fig. 3. The labelled iagonals. 
The w squares on diagonal w must be dominated by the distinct bishops on 
perpendicular diagonals, hence nw, the number of white bishops in X is at least w. 
Also by definition of w, there are bishops on each white (odd-labelled) diagonal 
strictly between those labelled w and 2n-  w. Hence nw is at least n -w-  1. A 
similar argument holds for n b the number of black bishops and we have 
nw I> max(w, n - w - 1), n b >I max(b, n - b - 1). 
Suppose w > b, then 
nw + nb>~w +(n- -b - -  1) 
=(w-b)+(n-1)  
~>l+(n-1)=n.  
A similar computation holds for w < b. This completes the proof. [] 
3. Calculation of t(D~) 
Theorem 2. For any n >1 3, t(D,) = 2[~3(n - 1)]. 
Proof. It was noted in the proof of Theorem 1 that Dn is the disjoint union of the 
white bishops graph W, and the black bishops graph Bn. We deal first with even 
n, in which case, Bn and W, are isomorphic and we show that t(B~) = [Z(n - 1)]. 
Notice that a total bishop domination set of Bn is precisely a total rook 
dominating set of the diamond-shaped chessboard S,, which has n rows and n - 1 
columns. We exhibit $8 in Fig. 4. For ease of presentation, we use rooks, rows 
and columns, rather than bishops and diagonals. 
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Fig. 4. The diamond-shaped chessboard S s. 
The proof will have three principal steps, namely: 
(i) A proof of the existence of a minimum total rook dominating set of S~ in 
which the rooks occupy consecutive rows and columns (Lemma 1). 
(ii) Step (i) necessitates the calculation of s(m, p), the minimum cardinality of 
a total rook dominating set of an m x p rectangular board, using a recurrence 
relation (Lemmas 2 and 3). 
(iii) Steps (i) and (ii) will imply that t(Bn) >i [Z3(n - 1)] and the final part of the 
proof will show that this bound may be attained. 
Lemma 1. For any n, Sn has a minimum total rook dominating set X with the 
property that if there is a rook in row (column) i and in row (column) j, then there 
are also rooks in each row (column) between i and j. 
Proof. Suppose there is no total rook dominating set of Sn with the rooks on 
consectutive rows. Assume that the rows of S~ are numbered from the top. Let X 
be the set of squares of a total rook dominating set of S~ with the minimum value 
of M - m, where m (M) is the smallest (largest) number of a row which contains a 
rook. X has blank rows between m and M and hence there exist adjacent rows, 
one of which is blank (say row i) and the other containing rooks, (say row 
(i - 1)), with the latter further from the centre rows. Since row i does not contain 
rooks, each square in row i must be dominated by a rook on its column. It follows 
that each square in row i - 1 will still be dominated if we move the rooks in row 
i - 1 vertically to the identical column positions in row i. This does not create any 
isolated rooks and so the new configuration also forms a total dominating set. The 
process may be repeated until there is a blank row numbered m + 1 or M-  1. 
One more application gives a total dominating set with a smaller value of M - m, 
contrary to minimality. 
The same argument applies to columns. This completes the proof of Lemma 
1. [] 
It follows from Lemma 1 that some minimum total rook dominating set of Sn 
may be used to construct a total rook dominating set of an m x p rectangular 
board, with property REL, i.e., a rook on every line (row and column). We now 
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show that such an m x p board satisfies m + p >t n - 1. Let the jth column of Sn 
be the column nearest he ½nth column, which has no rook. If all columns have 
rooks, then m+p>~n.  Without losing generality, we may assume j e 
{1 , . . . ,  ½n - 1}. The 2j squares of col j  of S~ must be covered, hence m >12j and 
the definition of j implies the existence of rooks in all columns from j + 1 to 
n j 1 inclusive, i.e., p >I n - 2j - 1. Hence m + p >I n - 1 as claimed. 
Let s(m, p) be the minimum number of rooks in a total dominating set of an 
m x p board with property REL. By the above 
t(Bn)>~ min s(m,p) .  (1) 
m+p>~n--1 
We now evaluate the function s(m, p). 
Lemma 2. s(m, p)  = s(m - 2, p - 1) + 2 for m >~ p, m >14, p >t 2. 
Proof. The result is trivial for p = 2, so we assume p t> 3. Let X be the set of 
squares in an REL  total dominating set of an rn × p board. At least one column 
contains at least two rooks, otherwise each row has at least two rooks and 
IX[ >t 2m. But the first row and column form an REL total rook dominating set of 
cardinality m + p -  1 < 2m contrary to minimality. Since permutations of rows 
(columns) does not disturb the REL total domination, we may assume there are 
rooks in positions (1, 1) and (2, 1). We show that the (m-  2)× (p -  1) board 
obtained by deleting the first two rows and first column, has an REL total 
dominating set of at most [X I - 2 rooks. If there is a rook in X at position (t, 1), 
where t/> 3, move it to a vacant square (t, k), where k > 1. Such a square exists, 
otherwise X -  {(t, 1)} is REL and total dominating. Now move any rook which is 
on (i, j), where i= l  or 2 and j> l  to an empty square ( i ' , j) ,  where 
i 'e  {3 , . . . ,m},  if such an empty square exists. The set of rooks on the 
(m - 2) × (p - 1) board now form a REL total dominating set. Hence 
s(m - 2, p - 1) <~ s(m, p) - 2. 
If Y is REL total dominating set of an (m - 2) x (p - 1) board, add two more 
rows at the bottom and one extra column with rocks in the last two positions. 
Hence 
s(m, p)  <~s(m - 2, p - 1) + 2. 
This completes the proof of Lemma 2. [] 
l .emma 3. 
/r (m + p)l, 
s(m, p )= [.m, 
Proof. By inspection s(2, 2 )=3,  
rn>~4. 
p<~m<~2p+2 
m>2p +2. (2) 
s (3 ,2 )=4,  s (3 ,3 )=4 and s(m, 2 )=m for 
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Case 1. Suppose m I> 2p, where p i> 3. Then (p -  2) applications of the recur- 
rence yield 
s(m, p)= 2(p - 2) + s(m - 2(p - 2), 2) 
and by hypothesis m - 2(p - 2) >I 4. Hence 
s(m, p) = 2(p - 2) + m - 2(p - 2) = m. 
Case 2. 
(3) 
Suppose m = p. We notice that two applications of the recurrence yield 
s(m, m) = 4 + s(m - 3, m - 3). 
Hence 
s (m,p)=2(m-p-  1)+4= [](m +p) ] .  
Lemma 3 now follows from Cases (1), (2) and (3). 
i.e., 
s(m, p) = 2(m -p  - 1) + s(3, 2). 
[] 
It is easily verified that for fixed m +p, the minimum value of s(m, p) is 
[~(m +p)]  and is attained when p ~< m ~<2p + 2. Hence from (1) 
t(B,,) r (n- 1)]. 
To show equality, for 1 ~<j ~ ½n-  1, let R; be the rectangular sub-board of S,, 
consisting of the central 2j rows and the central n - 1 - 2j columns. An REL total 
Thus, for m = 3q + 2, where q >t 1, 2q applications of the recurrence yield 
s(m, m)= 4q + s(2, 2)= 4q + 3 = [](2m)]. (4) 
Similar arguments show (4) holds for m -= 0, 1 (mod 3). 
Case 3. Let p < m < 2p, where p >i 3. In this case (m-  p) applications of the 
recurrence yield 
s(m, p) = 2(m -p )  + s(2p - m, 2p - m). (5) 
There are now three subcases (a), (b) and (c). 
(a) If 2p - m i> 3, using Case 2 we have 
s (m,p)=Z(m-p)+ [z3(4p - 2m)] = [Z3(m +p)] .  
The proof of the last equality is omitted. 
(b) If 2p - m = 2, (5) gives 
s (m,p)=2(m-p)+ 3= [2(m +p)] .  
(c) Finally, if 2p - m = 1, instead of using (5), we use (m -p  - 1) applications 
of the recurrence, which give 
s (m,p)=Z(m-p-  1 )+s(m-Z(m-p-  1 ) ,p - (m-p-  1)), 
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T 7 U 7 
Fig. 5. The diamond-shaped chessboards T7and U7. 
dominating set of Rj is a total dominating set of S,,, hence 
t(Bn)<-s(2j, n - 1 - 2j). (6) 
From (2), the right hand side of (6) is [23(n - 1)] if there is a j E (1 , . . . ,  ½n - 1} 
satisfying 
2 j>~n- l -2 j  and 2}<~2(n-1-2})+2.  
These yield ](n - 1) ~<j ~<13n. 
A suitable j exists for all even n i> 4. This completes the proof of the even case. 
If n is odd and the comer squares are black, then a total bishop dominating set 
of B,(W,) is precisely a total rook dominating set of the diamond-shaped 
chessboard T,(U,,). These are depicted in Fig. 5., for n = 7. Lemma 1 holds for 
each of these boards and arguments imilar to those used for S,,, show that some 
minimum total rook dominating set for either T,, or U,, induces a REL total rook 
dominating set for a rectangular m × p board, where m +p 1> n-  1. Hence B,, 
and W, satisfy (1). The proofs that t(B,)=t(W,,)= [3Z(n - 1)] now proceed in a 
matter identical to that for n even. The details are left to the reader. 
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